We study bimetric gravity through the context of the AdS/CFT correspondence, especially, in the first order hdrodynamic limit. If we put pure general relativity as a bulk field, the boundary field theory is interpreted as fluid of the N = 4 supersymmetric Yang-Mills plasma. The transport coefficients of this plasma are computed via the AdS/CFT correspondence. Then, we prepare a pair of gravitational fields on the bulk side and let them interact. We expect that two-component fluid emerge on the CFT boundary side because the number of metrics becomes double. However, the situation is rather complicated. The interaction generates a massive graviton. This massive mode leads to the extra divergences which are absent in the case of general relativity. Our first investigation is how to cancel these divergences. After that, we see the emergence of two-component fluid and calculate their pressure and sheer viscosity. The interaction makes two kinds of fluid mixed and the sheer viscosity obtain slight correction dependent on the mass of a graviton.
I. INTRODUCTION
The AdS/CFT correspondence is one of the most widely studied topics in modern theoretical physics [1] [2] [3] [4] . It covers string theory, general relativity, condensed matter physics and so on. It relates a gravity theory on a (d+1)-dimensional asymptotically AdS spacetime to some matter field theory on the d-dimensional boundary. When the bulk side is weakly coupled, the coupling of the boundary field gets strong. Therfore, we can investigate complicated matter field theories through the calculation of rather simple equations from bulk gravity theories. Applications of the AdS/CFT correspondence are varied, for example, supersymmetric Yang-Mills plasma as a clue to quark-gluon plasma, superconductor, non-fermi liquid and so on [5] [6] [7] .
In the standard settings of the AdS/CFT correspondence, we put pure general relativity on the bulk side with other fields (scalar, vector, spinor, etc). Sometimes, massive fields play an important role, for instance, we use a massive scalar in holographic superconductor.
Therefore, a question arises what if we put a theory of massive gravity instead of massless general relativity. The effect of massive gravitons on the AdS/CFT correspondence has been asked several times in the past [8] [9] [10] . They say when two or more CFT boundaries are prepared and their interaction is swiched on, some gravitons on the bulk side get massive.
This situation makes us remember a theory of bimetric or multimetric gravity. Generally, theories of bimetric or multimetric gravity has only one overall diffeomorphism invariance.
Hence, only one graviton remains massless and others get massive. Interaction of the gravitational fields makes massive gravitons. Here, we reverse the picture and ask what if we put interacting gravitational fields on the bulk side. Until very recently, no consistent theory of interacting gravitational fields had been known. They had suffered from emergence of the extra ghost degrees of freedom. However, the ghost problem has been overcome [11, 12] and we now have the consistent theories of bimetric or multimetric gravity [13] [14] [15] . Hence, in this paper, we attempt to consider bimetric gravity on the context of the AdS/CFT correspondence.
In studying the AdS/CFT correspondence, one of the main difficulties is how to interpret the result. We put some gravity theory on the bulk asymptotically AdS space-time, and calculate correlation functions of the boundary field theory. However, we cannot know in advance what kind of theory we have on the CFT boundary. Sometimes, we are puzzled by a question what is the physical meaning. Therefore, we proceed as close as possible to the well-known case where pure general relativity is used. Besides, we rely on the hydrodynamic limit, which makes analytic calculation possible. In these settings, the counterpart on the boundary side is interpreted as fluid of the supersymmetric Yang-Mills plasma [16, 17] , where the transport coefficients such as sheer viscosity are calculated. Following this, we investigate the case of bimetric gravity and see that two-component fluid emerges. We also calculate the values of their pressure and sheer viscosity.
The organization of this paper is as follows. In section II, we review the case of pure general relativity and apply the method to dRGT massive garavity. Bimetric gravity is a genaralization of dRGT massive gravity. Therefore, in section III, we further extend the previous result. Section IV is devoted to the conclusion.
II. DRGT MASSIVE GRAVITY AND THE ADS/CFT CORRESPONDENCE IN THE FIRST ORDER HYDRODYNAMIC LIMIT
In this section, we consider the AdS/CFT correspondence in dRGT massive gravity [11, 12, [18] [19] [20] . We focus on the first order hydrodynamic limit where we can easily carry out the analytic calculation. To begin with, we review the case of general relativity [5, 16] (See a review [27] for the detailed calculation.) and extend it to that of massive gravity. In the calculation of the AdS/CFT correspondence in general relativity, we encounter divergent terms and add a counterterm to cancel them. We see that mass of a graviton gives rise to extra divergences which are absent in the case of general relativity. The main topic of this section is how to cancel these additional divergences.
A. the case of general relativity
In this subsection, we revisit the AdS/CFT correspondence in general relativity. When we take a long wave-length limit, the matter field theory on the CFT boundary is considered as the supersymmetric Yang-Mills plasma. The pressure and the sheer viscosity of this plasma can be calculated through the AdS/CFT corresponcence. In this paper, we take only the first order hydrodynamic limit which is enough to obtain the values of the pressure and the viscosity. The hydrodynamic limit means a long wave-length limit, and we carry out the calculation only up to the first order derivative expansion.
We start the case of general relativity with the following action
where we consider a five dimensional asymptotically AdS space-time and AdS − bdy stands for the AdS-boundary. The first term S EH is Einstein-Hilbert action, the second S GH is Gibbons-Hawking term and the third S ct is a counterterm added to cancel divergences. S EH is a bulk term, and boundary terms are S GH and S ct . The metric γ is a four dimensional induced metric on the AdS-boundary and K is the extrinsic curvature. R is the curvature constructed from γ. L is the AdS-radius and related to the cosmological constant as Λ = −6/L 2 . In the counterterm S ct , we neglected higher order derivative terms such as R 2 because they are not needed in the first order hydrodynamic limit. (In fact, we do not need R, too.) The hydrodynamic limit is a long wave-length limit, and especially we focus on the first order limit. We neglect terms containing higher than second order derivatives with respect to the coordinates on the AdS-boundary.
In general relativity, a lot of asymptotically AdS solutions are known. However, in this paper, we focus only on five dimensional Schwarzschild AdS black hole (SAdS-BH). This metric is given by
where r 0 is a constant and L is the AdS-radius. We set the coodinates as x µ = (t, x, y, x, u).
h is defined as h = 1 − u 4 (0 < u < 1). The AdS-boundary is located at u = 0 and the Black Hole horizon is on the region u = 0. If we set h = 1 and r 0 = 1, we have pure AdS space-time.
According to the ordinary prescription of the AdS/CFT correspondence, we consider perturbations around SAdS-BH and expand the action up to the second order. Then, we solve the equation of motion, and substitute the solution back into the action. To get this on-shell action is the first step. For simplicity, we take a perturbation g µν =ḡ µν + δg µν 
Here, we assume that φ depends only on t and u. Then, we expand the action S = S EH + S GH + S ct up to the second order in φ and perform the Fourier transform φ(t, u) =
To begin with, we set about perturbed Einstein-Hilbert action
where we abbreviated dxdydz = V 3 , ∂ u φ(u) = φ ′ and dtdxdydz = V 4 . We cannot discard total derivatives because we have boundaries.
If we write the bulk action as
and take a variation φ → φ + δφ, we obtain the variation of the bulk action
The δφ ′ term will be canceled by S GH , and we get the equation of motion (EOM)
EOM :
While, the Lagrangian density L contains the zeroth and the secod order terms in φ (see Eq. (8)). We can write
According to the AdS/CFT prescription, we solve the EOM and substitute the solution to the original action, and get the on-shell action. Thus, the last term is discarded. Besides, we do not need terms coming from the field value φ(u = 1) on the non AdS-boundary [21] , so they are neglected. Then, the bulk action is read as
In the case of general relativity,
we obtain the explicit formulae of the EOM and the bulk action S bulk
The first term in S bulk is divergent as 1 u 4 | u=0 . S ct is added to cancel this divergence. Next, we continue to calculate the boundary terms S GH and S ct . Using
up to the second order in φ is given by
The curvature R contains derivatives higher than second order and its background value is zero. Thus, we do not need it in the first order hydrodynamic limit, and we obtain
where O[u 4 ] stands for higher order terms than u 4 . Then, S ct cancels the zeroth order divergent term and we obtain
. (27) We put a derivative on φ ω in order to follow the Minkowski prescription [21] . Now, we solve the EOM Eq. (17) and substitute the solution into Eq. (27) to get the onshell action. Because our main interest of this paper is the first order hydrodynamic limit,
we have only to solve the EOM up to the first order expansion in ω. We expand φ ω (u) as
and insert it into the EOM Eq.(17)
The solution is written as
Thus, we obtain
where A i and B i are constants. This solution is substituted into Eq. (27) , but in Eq. (27) we need only the asymptotic formula near the AdS-boundary u ∼ 0. We can write, abbreviated
Then, the substituted on-shell action is obtained
The remainig constants A 0,1 and B 0,1 are fixed from the boundary condition on the Black Hole horizon (u = 1), so we have to solve the EOM Eq.(17) near the u ∼ 1 region.
Approximating as h = 1 − u 4 ∼ 4(1 − u), we get the near horizon EOM from Eq.(17)
and the solution is given by
Here, we set r 0 = L = 1 and remember that background SAdS-BH has the metric
ln(1 − u), this meric reads as
ω = e ±iωu * , and we
. Because the Black Hole horizon is located at u * = −∞, the solution e −iω(t+u * ) represents an ingoing wave and the other e +iω(t+u * )
is outgoing. We select the ingoing wave condition according to the sandard AdS/CFT prescription. Thus, we obtain the near horizon solution
The previously obtained solution Eq.(31) must match Eq.(36), which fixes the constants as
, we obtain the on-shell action from Eq.(33)
where we should notice that i dωφ
ω cannot be interpreted as zero [21] . The last step is to apply the GKP-Witten relation
.
In the right hand side, we have the action S[φ]. We solve the EOM of the bulk field φ,
where we denote the boundary value of the solution as φ (0) . The solution of the EOM is substituted into the action and we get the on-shell action S φ| u=0 = φ (0) ]. The left hand side represents the expectation value of the boundary field theory, where φ (0) becomes a source of an operator O.
In our case, φ is a fluctuation of the spin-2 field so that O is interpreted as a perturbed boundary energy-momentum tensor δT µν . Thus, we obtain
where the functional derivative is interpreted as 3 . If we consider a more general perturbation such as φ(t, x, y, z, u), V 3 should be replaced by
We are now focusing on the mode k = 0.
In a long wave-length limit, any field theory can be effectively described by hydrodynamics. We assume that the energy-momentum tensor of the boundary field theory has the following form
with energy density ǫ, pressure P and velocity field u µ . The boundary field theory is supposed to be on the four dimensional uncurved space-time. Hence, we have µ = 0, 1, 2, 3 and η µν is Minkowski metric. The term τ µν contains derivatives. Because our main interest is the first order hydrodynamic limit, we consider only first order derivatives. In the rest frame, τ µν has no time component (µ = 0) and spatial components are given by
η and ζ represent transport coefficients called sheer viscosity and bulk vicosity.
Here, we assume that the fluid is firstly at rest u µ = (1, 0, 0, 0), and then the background space-time is slightly distorted η µν → g µν = η µν + δg µν . Using a projection operator P µν = g µν + u µ u ν , the energy-momentum tensor is written as
We calculate the linear response of this tensor, but our main interest is a perturbation of the type Eq.(6). Hence, we set
The velocity field u µ = (1, 0, 0, 0) is not changed because of parity symmetry. We can easily calculate the linear level response. After the Fourier transformation, the result is
We compare Eq.(39) with Eq.(44) and φ (0) with δg x y , from which we interpret that the boundary field theory has the pressure P = On the Black Hole horizon, (x, y, z) components of the metric can be written as
. Then, we apply the area law of Black Hole entropy. We can calculate the entropy density as s = The pressure can be calculated in a different way. If we consider only background SAdS-BH with no perturbation, the Euclidean on-shell action is given by
Thus, we have the partition function Z = e −S E and we can calculate the pressure
which is compatible with the value obtained from Eq.(39).
This is the standard calculation of the first order hydrodynamics via AdS/CFT correspondence. Other types of perturbations leads to other coefficients, but we will not treat them in this paper.
B. the case of massive gravity
In this subsection, we consider dRGT massive garavity and extend the prescription of the AdS/CFT correspondence in general relativity. We see that mass of a graviton generate extra divergences, and how to cancel them is a main topic. We show that not only a new counterterm have to be added but also a condition on graviton's mass must be imposed. For notational simplicity, we set 16πG 5 = 1, L = r 0 = 1 and V 3 = 1 in this subsection.
In order to introduce mass of a graviton which is denoted as m, we add a interacion (mass) term S int to the action of general relativity. Then, the action of dRGT massive gravity is given by
whereḡ is a background metric and g is a full metric (background +fluctuation) g =ḡ + δg. In this paper, we use SAdS-BH as a background metricḡ =(SAdS-BH). EinsteinHilbert action S EH , Gibbons-Hawking term S GH and the counterterm S ct are the same as those of general relativity. They are all constructed from the full metric g. The difference comes from the term S int which depends explicitly onḡ. This background dependence breaks the diffeomorphism invariance. The mass term S int is composed of the function e g −1ḡ . This is a function of a matrix ( g −1ḡ )
µ ν where the square root of a matrix
The explicit formula of this function is [20] [11]
where ǫ is an antisymmetric tensor. The function e contains constants β n which are adjusted to satisfy the relation e(1) = 0 (1 is a unit matrix) and reduce to the Pauli-Fiertz mass term in the expansion up to the second order in δg
where we abbreviated as Tr 2 A = TrA × TrA and TrA 2 is a tarce of the matrix A 2 .
Now, we take a perturbation of the same type as Eq. (6) and expand the action up to the second order in φ. The calulation is almost the same as that of general relativity in the previous subsection. The only difference is that S int is added to the bulk action Eq.(9)
where
Because S int contains no derivative, Eq. (16) is not changed and the diffenrence occurs only in the equation of motion Eq. (17) .
There is no change in Eq.(27)
We solve the EOM Eq.(53) up to the first order expansion in ω
where we set A ω = A 0 + ωA 1 and B ω = B 0 + ωB 1 . A 0,1 and B 0,1 are constants as the previous subsection. Mass of a graviton is contained in α = 1 + m 2 /4. We substitute the solution of the EOM Eq.(55) into the action Eq.(54) and obtain
Hence, we see that extra divergences arise from u
Here, it should be noted that if we consider pure AdS space-time, we set h = 1 in the metric of SAdS-BH Eq. In order to cancel these divergences, we attempt to add a new counterterm S mct . This situation resembles the case of a massive scalar field [22] , where extra divergences can be canceled by a mass term on the AdS-boundary. Therefore, we try to add a term
which reduces to the Pauli-Fiertz mass term in the second order expansion
The coefficient (1 − α) is adjusted for our purpose. If we consider a perturbation dependent on spatial coodinates (x, y, z), we may need other counterterms [22] . However, we do not treat this topic in this paper. In appendix, we investigate the validity of this counterterm in a different perturbation.
Inserting the perturbation Eq. (6) and the solution of the EOM Eq.(55), we have
The divergence from u −4α has been canceled, but still other divergences remain. If we take pure AdS space-time as a background, these remaining divergences do not appear and S mct is enough. Cancelation of them requires a condition on graviton's mass. We have to set −4 < m 2 < 0, namely 0 < α < 1, which is a reminiscence of the BF-bound [23] [24] [25] . BFbound is a result of the stability analysis, so we should investigate the stability in massive gravity. However, we left this issue for a future work and continue our calculation.
Then, the non-divergent on-shell action in dRGT massive gravity is given by ω , which leads to
Compared to Eq.(44), P = 0 and η = α. The pressure is zero which is not consistent with the value calculated from the background metric Eq.(46). We do not know how to interpret this result. We suspect that this peculiarity comes from the weird feature of dRGT massive gravity, where the mass term depends explicitly on the back groundmetric.
This feature breaks the diffeomorphism invariance. Therfore, it seems natural to promote this background metric to another dynamical variable, which is nothing but bimetric gravity.
We expect that the peculiarity in dRGT massive gravity is modified in bimetric gravity. We consider this topic in the next section.
III. BIMETRIC GRAVITY AND THE ADS/CFT CORRESPONDENCE IN THE FIRST ORDER HYDRODYNAMIC LIMIT
In this section, we extend the method of the previous section to the case of bimetric gravity. Our interest is what emerges on the boundary field theory. In section II, we treated dRGT massive gravity, but it has one peculiar feature. It explicitly contains a reference (background) metric, which breaks the diffeomorphism invariance. Hence, it seems natural to make the reference metric dynamical and revive the invariance. This is nothing but bimetric gravity [12, 13] . Therefore, bimetric gravity is a generalization of dRGT massive gravity, which contains two metrics. In the following, we write these metrics as g and f ,
and their induced metrics on the AdS-boundary as γ and ρ respectively.
Then, we start with the action given by
and
In bimetric gravity, we can introduce different Planck masses (Gravitational constants) for the two metrics, which we write as M g and M f . R[g] is the scalar curvature for g µν and R[f ]
is the scalar curvature for f µν . K[γ] and K[ρ] represent the extrinsic curvatures for each metric. In general, cosmological constants for g µν and f µν can be different. However, in this paper, we assume that they have the same value Λ and each mertric has the same AdS-radius L. We impose this condition in order to take perturbations on the same background (SAdS-BH). The interaction term S int [g, f ] is a genaralization of S int in dRGT massive gravity Eq.(48)
where background metricḡ in Eq. (48) is raplaced by the other dynamical metric f , and M ef f is defined as
The counterterm S int,ct [γ, ρ] is a extension of the counterterm we added in maissive gravity Eq.(58)
Because the function e satisfies e(1) = 0, S int [g, f ] vanishes when we set f = g. Thus, we have a solution g = f =(SAdS-BH). In the following, we consider a perturbation g =ḡ + δg
and f =f + δf on the same backgroundḡ =f =(SAdS-BH). Thus, the expansion of
and S int,ct [γ, ρ] up to the second order in δg and δf is given by
where we put α = 1 + (mL) 2 /4. The coefficient (1−α) is adjusted to cancel the divergence
Now, we take a perturbation such as Eq. (6 
To begin with, we calculate S int and S int,ct
The bulk action
is expanded as
Because interaction term S int contains no derivative, we have
Here, we putφ = Mgφ andψ = M f ψ, and we also define
Using the relattion such asφ
+ r 4 0
We also obtain the EOM for Φ and Ψ from the bulk action S bulk
We solve the EOM up to the first order expansion in ω
where A ω , B ω , C ω and D ω are constants and can be written as A ω = A 0 + ωA 1 , B ω = B 0 + ωB 1 , etc. Then, we obtain the on-shell action
where we imposed a condition 0 < α < 1 to make the terms O[u 
This on-shell action contains mixed terms such as φψ, which suggests the emergence of (FIG.1) . We call these boundaries as g-boundary and f-boundary for convenience. However, if their interaction is switched on, perturbations begin to go into not only the original boundary but also the other. For example, perturbed metric g enters into f-boundary as well as g-boundary. As a result, two fields are generated on each boundary (FIG.2) . Now, the GKP-Witten relation can be written as
where O g and Q g are operators on g-boundary, and O f and Q f are on f-boundary. φ
becomes a source of not only O g on g-boundary but also O f on f-boundary. ψ (0) becomes a souce of Q g as well as Q f . In our setting, these operators are interpreted as energy momentum tensors.
Here, we remember the discussion of general relativity. We considered a perturbation 
studying more complicated perturbations. For example, diagonal perturbations which leads to other properties such as sound waves [17] or perturbations on the different background g =f . It may be also interesting to study beyond the first order hydorodynamic limit [26] .
The problem of the stability anlysis is left, too. In addition, the relation between bimetric or multimetric gravity and the deformation of boundary CFTs [8, 9] remains unclear. These are left as future works.
Their solutions are merely Π i=0,1,2,3 = 0. The calculation of φ i=1,2,3 is the same as that in section II, so we ommit this part. We obtain the EOMs of θ i=1,2,3 as
The action of χ part is, using Γ = 0,
S mct = (1 − α) 1 u 4 (−χ 0 χ 0 + χ 1 χ 2 + χ 2 χ 3 + χ 3 χ 1 ),
and inserting the solutions of the EOMs, we obtain the divergent part S = (1 − α)(A 
Thus, all divergence can be canceled.
In linear massive gravity, the Pauli-Fiertz mass term not only makes griviton massive but also removes an extra ghost degree of freedom, which leads to the transverse traceless condition δg 
and compatible with the solutions we obtained. 
